Abstract. In this paper, we propose mathematical models for the spread of HIV in a network of prisons. We study the effect of both screening prisoners and quarantining infectives. Efficient algorithms based on Newton's method are then developed for computing the equilibrium values of the infectives in each prison. We also give an optimization formulation for obtaining the optimal screening and quarantine policy. The models and algorithms developed can be extended to model the spread of a disease in a general network of connected zones.
they are useful in reducing the transmission of the disease like HIV in a social network.
We remark that the models and algorithms developed can be easily extended to model a spread of a disease in a general network of connected zones.
The paper is structured as follows. In Section 2, we present both discrete time and continuous time models for the spread of HIV in one prison system with screening prisoners and quarantining infectives. We give a sufficient condition for the existence of the system equilibrium. Numerical examples are given to demonstrate the effect of screening prisoners and quarantining infectives. We give a mathematical formulation for finding optimal screening and quarantining policy. In section 3, we extend the model and the theory to a network of prisons. Both discrete time and continuous time models are discussed. Newton's method is then applied to solving the equilibrium values. A sufficient condition is derived for the existence of the inverse of the Jacobian matrix in Newton's method. We also give a discussion on both the stability of the equilibrium and the convergence rate of the Newton's method. Numerical experiments show that Newton's method converges very fast. We then present a mathematical formulation for finding optimal screening and quarantining policy. Finally concluding remarks are given in Section 4.
The One-Prison Quarantine Model. We consider a prison consisting of
N inmates and it is subject at time t (t = 0, 1, 2, . . .) to a simultaneous inflow and outflow of n < N prisoners. Then screening and quarantining are taken, after which there are y(t) prisoners who are infected but not identified, m(t) prisoners who are detected HIV positive but not quarantined, q(t) prisoners who are quarantined and x(t) prisoners are susceptible. It is clear that
x(t) = N − y(t) − m(t) − q(t).
Here we assume that homogeneous mixing occurs in the prison during the interval (t, t + 1) and we further assume that the new infectives produced is proportional to x(t)(y(t) + m(t)) with a constant β. This means that the number of new infectives produced is βx(t)(y(t) + m(t)). Thus at time t + 1, there are
y(t) + m(t) + βx(t)(y(t) + m(t))
infectives not quarantined and there are y(t) + βx(t)(y(t) + m(t)) infectives not detected. For those detected HIV positive, they will be recorded within the prison and will not be screened next time. We also assume that an inflow of n new prisoners from the outside world such that the proportion of infectives is µ.
This means that there are nµ infectives added to the prison. Now a proportion of τ (0 < τ < 1) of the prisoners including those incoming prisoners but excluding those quarantined and detected HIV positive will be screened. Then a proportion of κ of those detected HIV positive will be quarantined. Now at time t+1, after homogeneous mixing, there are y(t) + βx(t)(y(t) + m(t)) new infectives but not detected prisoners, m(t) detected but not quarantined prisoners. After exchanging with the outside world, there are (1 − n N )(y(t) + βx(t)(y(t) + m(t))) + nµ infected but not detected prisoners, and (1 − n N )m(t) detected but not quarantined prisoners. We then screen a proportion of τ of the prisoners. Therefore we get
infected but not detected, and
detected prisoners. A proportion of κ of the detected prisoners is then quarantined.
We have
detected but not quarantined prisoners and
quarantined prisoners. Thus we have the following difference equations:
2.1. Numerical Demonstration of the Effect of Screening and Quarantining. We give an example to illustrate the effect of screening and quarantining infected prisoners. We assume N = 500, β = 0.0005, n = 50, y(0) = 50, µ = 0.01, τ = 0.1 and κ = 0.1. In Figure 1 , the upper curve represents the number of infectives when there is no screening and quarantining of prisoners (282 infectives in equilibrium state). Suppose a screening policy of 10% is implemented and among those detected infectives 10% of them are quarantined. The second curve represents the total number of infectives but not quarantined (145 in equilibrium) and the lowest curve represents the total number of quarantined prisoners (55 in equilibrium). Thus the policy of screening 10% of the prisoners and quarantining 10% of the infectives can reduce 82 infectives provided that around 10% of the space is available for quarantining infected prisoners.
Then in equilibrium, we have
Here we have
Let z = y + βx(y + m), we have
Simplifying the equations in (6), we have
Using the fact that x + y + m + q = N , we have
We get the following equation:
Thus we obtain a quadratic equation:
Solving z, one can solve the equilibrium solution. We have the following proposition and the proof can be found in Appendix.
Proposition 1.
A sufficient condition for the quadratic equation (9) to have a unique positive root (therefore the existence of the equilibrium point of (4)) is
From the results of the discrete time model, it is straightforward to develop the model to the continuous case as follows:
In equilibrium, we have
It is straightforward to show that Proposition 2. The equilibrium solutions of (10) satisfy the equations in (5) .
Since the analysis of the continuous model in our context is similar to the discrete model, we will focus on the discrete model only. For the stability of the equilibrium, we have the following result and the proof can be found in Appendix.
Proposition 3.
Under the condition of Proposition 1, the equilibrium point of (4) determined by (9) is asymptotically stable. 
Optimal Screening and Quarantining Policy.
In this subsection, we consider the problem of finding the optimal screening and quarantining policy. In order to reduce the number of infectives in the system, screening prisoners and quarantining infectives are effective strategies. However, there are costs associated with these strategies. Here we assume that the screening cost C s (τ, N ) depends on τ and N only and the quarantining cost C q (κ, N ) depends on κ and N only. Then the total cost is given by
For the screening cost and the quarantining cost, one may assume that cannot exceed an upper physical limit Q and the total number of infectives y + m + q is less than or equal to a certain tolerant level I. Therefore one may consider the following optimization problem:
Here q, m, y are the equilibrium solutions when τ, κ, N are given.
To find the optimal values of τ and κ, one may perform a grid search, say with grid size 0.01 for both parameters. This means that we are going to try all possible pairs (τ, κ) of the form:
For each pair of (τ, κ), we solve for the equilibrium values and therefore the constraints can be checked and the cost function can be evaluated. Hence we can obtain the optimal pair (τ, κ) up to two decimal places. The optimal cost in both cases are the same as 56500. (ii) y i (t), the number of prisoners who are infected but not tested at time t in Prison i.
(iii) m i (t), the number of prisoners who are detected HIV positive but not quarantined at time t in Prison i.
(iv) q i (t), the number of prisoners who are quarantined at time t in Prison i.
(v) β i , the infection rate in Prison i.
(vi) µ, the mean proportion of infectives in the outside world.
(vii) n i , the number of prisoners in Prison i, exchanging with the outside world.
(viii) h, the number of prisoners exchange between the two prisons.
It is clear that for i = 1, 2, . . . , s
is the number of susceptible prisoners in Prison i. The discrete model is then given as follows:
For the equilibrium point, similarly we use
Then we can get
To find the condition such that the equilibrium solution determined by (13) is asymptotically stable, we first discuss the case of the network of s prisons without prisoners exchange between the two prisons, i.e., h = 0. By setting h = 0 in (13), we obtain (14)
By a simplification, (14) becomes
On the existence of an equilibrium solution to (14), we have the following sufficient condition. Based on (15), the proof is similar to that of Proposition 1, we omit it here. For the stability of the equilibrium point determined by (14), we have the following result whose proof can be found in Appendix. By a simple calculation, we can reduce (13) to the following form
Based on (16), we can establish the stability of the equilibrium point determined by (13) . The proof can be found in Appendix. In the following numerical experiments, we assume that N 1 = N 2 = 500; n i = 10i; h = 10; y 1 = y 2 = 100; µ = 0.01. For non-symmetric prisoner system we present the numerical results. We first consider the case when β 1 = 0.0000003.
We then present the numerical result when we have a bigger β 1 = 0.0003. From Table 3.1 to Table 3 .6, with the increase of β 2 , for both prisons, the infected not detected, detected not quarantined and the quarantined all increase. With the increase of the infective rate in Prison 2, the HIV prisoners generated by homogeneous mixing are increased for Prison 2. As a result, y 2 , m 2 , q 2 are increased. Due to the exchange of prisoners between the two prisons, the HIV infectives brought in from Prison 2 increase. We now discuss the effect of the exchange between the two prisons. In the following numerical experiments, we also assume that N 1 = N 2 = 500, n i = 10i, y 1 = y 2 = 100, β 1 = β 2 = 0.0000003 and µ = 0.01.
From Table 3.7 to Table 3 .9, the increase of h stands for the increase of prisoners exchanged between the two prison. This would of course lead to the increase of mixing of the prisoners in the two prisons. Thus the differences between the infectives but not detected and the quarantined infectives for both prisons all decrease. consider the two-prison case when applying optimal screening and quarantining policy.
Here we assume that the screening cost C si (τ i , N i ) depends on τ i and N i only, the quarantining cost C qi (κ i , N i ) depends on κ i and N i only,i = 1, 2. Therefore the total cost is
We also assume that for i = 1, 2, for some positive constants a and b. We would like to minimize the above cost but at the same time, there are some constraints to be met. We would expect that the number of quarantined prisoners q i in equilibrium does not exceed an upper physical limit Q i and the total number of infectives y i + m i + q i is less than or equal to a tolerant level I i , i = 1, 2. To simplify the case, we assume that τ 1 = τ 2 = τ , and
Here q i , m i , y i , i = 1, 2 are equilibrium values when τ, κ, N i , i = 1, 2 are given.
To find the optimal values of τ and κ, we perform a grid search, say with grid size 0.01 for both parameters. This means we are going to try all possible pairs (τ, κ)
of the form {(0.01i, 0.01j) : i, j = 0, 1, . . . , 100}. For each pair of (τ, κ), we then solve for the equilibrium values and therefore the the constraints can be checked and the cost function can also be evaluated. Hence we can obtain the optimal pair (τ, κ).
In the following numerical example, we suppose that The optimal cost in both cases are the same as 27000.
4. Concluding Remarks. We propose mathematical models for modeling the spread of HIV in a network of prisons with the effect of both screening prisoners and quarantining infectives. Efficient algorithm based on Newton's method was developed for computing the equilibrium values of the infectives in each prison. Optimal screening and quarantine policy can be obtained by solving a simple optimization problem.
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5. Appendix.
Proof of Proposition 1.
In the following, we analyze the roots of the quadratic equation
First, we note that
Thus we know that
Hence we can get
Now we discuss the roots of the quadratic equation Az 2 + Bz + C = 0 by considering
Then we have
provided that 0 ≤ τ < 1 and 0 ≤ κ < 1.
Thus both roots of the quadratic equation Az 2 + Bz + C = 0 are real. Let the roots of the equation be z 1 and z 2 . Then we have
We will show shortly that under the condition µ < N/(2N + n) we have C < 0.. Let us assume that C < 0 and therefore we have AC < 0 as A > 0. There are three cases to be discussed.
In general, when C < 0 we have
being positive (the root has a practical meaning). Then we have the expression of y, m, q, x in the equilibrium point:
Now the following is the condition we need to guarantee a unique positive root.
In fact,
Thus, we get a 3 ≤ τ κµN + τ µ(1 − κ)N . As a summary, we have
Thus if we have
a i − N < 0 and therefore C < 0.
Proof of Proposition 3.
It is obvious that the equilibrium point of (4) satisfies (5) or
where the numbers a 1 , a 2 , a 3 , b 1 , b 2 , b 3 are defined in (7) . The Jacobian matrix of the above equations is given by
The characteristic polynomial of J is reduced to
Since x = z−y β(y+m) and a 1 , a 2 , b 1 , b 2 > 0, it follows from (7) that (25)
From (25) and (24), we observe that all the eigenvalues of the Jacobian matrix J are real and negative. By [14, Theorem 1.6], we know that the equilibrium point of (4) determined by (9) is asymptotically stable.
Proof of Proposition 5.
From (15) , it is easy to check that the equilibrium solution of (14) is determined by
for i = 1, 2, . . . , s. The Jacobian matrix of the above equations is given by
For i = 1, . . . , s, we can show that all the eigenvalues of J o i are real and negative by following the similar proof of Proposition 3. Therefore, all the eigenvalues of the Jacobian matrix J o are real and negative. By [14, Theorem 1.6], we know that the equilibrium point of (14) is asymptotically stable. This completes the proof.
Proof of Proposition 6.
It is obvious that the equilibrium point for the network of s prisons is determined by (16), i.e., By (28) and (27), we know that if h is small such that max j h Nj ≤ ǫ, then the real part of each eigenvalue λ j of the Jacobian matrix J are negative. By [14, Theorem 1.6] , it follows that the equilibrium point of the discrete model for the network of s prisons is asymptotically stable.
